The operad Dias Dias is the square product of Dias which is the operad of associative dialgebras. The notion of associative dialgebra, or simply dialgebra was introduced by Loday [3] motivated by study of Leibniz K-theory. The dialgebra is an associative algebra equipped with 2 associative multiplications satisfying certain compatibility conditions. The number of axioms is 5. Hence the Koszul dual of dialgebra is defined by 3(= 8 − 5) relations, where 8 is the number of dimension of the total space. The algebra of Koszul dual is called a dendriform algebra. The Quad is the square 2 power of Dend which is the operad of dendriform algebras (see Ebrahimi-Fard and Guo [2] ). The number of independent relations of Quad is 9 which implies that the Koszul dual of Quad is defined by 23(= 32 − 9) relations. This number 23 is just the solution (I) by Mathematica. In [1] , the inequality dim Quad ! (n) ≤ n 2 was shown for any n ∈ N. (II) says that the inequality is the identity dim Quad ! (3) = 3 2 , when n = 3.
The aim of this paper is to prove the propositions (I) and (II) above. We will study the basic properties of Dias Dias-algebras and give a construction of the free Dias Dias-algebra. As the result we will show that the Dias Dias-operad is isomorphic with the family of tensor powers, {Dias(n)⊗ Dias(n)} n∈N . This implies that the number of independent relations Dias Dias is 23. By using a proposition for the Koszul duality, one can show that Dias Dias is the Koszul dual of Quad. Thus the dimension of Quad ! (n) is n 2 for any n ∈ N.
Assumptions. In the following, we study binary, quadratic and regular algebras and the non-Σ operads. Hence the relations of our algebras have the following form,
where { * i } is the family of multiplications and X, Y are the set of indexes. When X = ∅ (or Y = ∅), we assume the side zero. In addition, the spaces are all vector spaces over characteristic zero field K.
Preliminalies.
In this section, we remember associative dialgebras and dendriform algebras.
Associative dialgebras and dendriform algebras.
Let D be a K-vector space equipped with 2 binary multiplications,
The triple (D, ↑, ↓) is called an associative dialgebra, or shortly, dialgebra, if the following 5 conditions, (A1)-(A5), are satisfied,
where the variables are omitted, for instance, (A1) means x ↑ (y ↑ z) = (x ↑ y) ↑ z for any x, y, z ∈ D.
Remark on notations. In [3] , the notations of dialgebra multiplications are denoted by ⊢ and ⊣ instead of ↑ and ↓.
Let E be a vector space equipped with 2 binary multiplications, ↑ and ↓. Remark that we will use the same symbols as dialgebra's ones. The triple (E, ↑, ↓) is called a dendriform algebra, if the conditions (B1),(B2) and (B3) are satisfies.
It is known that dialgebras and dendriform algebras are Koszul dual each other. We set a 8 dimensional vector space V spanned by the 8 basis,
We set the puseud-Euclidean metric on V , * ( * ), * ( * ) := 1 ( * ) * , ( * ) * := −1, and the other cases are zero, where * ∈ {↑, ↓}. We set two subspaces of V ; R dias is 5 dimensional subspace spanned by (A1)-(A5) and R dend is 3 dimensional one spanned by (B1)-(B3). Here the basis (Ai) and (Bj) are vectors in V , for instance, (B3) has the form,
The following proposition implies the Koszul duality of dialgebra and dendriform algebra. 
Free dialgebras
We recall the free dialgebra. The following construction will be used in Section 3.
Proposition 2.2. (normalization, [3] ) An arbitrary monomial of dialgebra, mono, can be transformed to the normal form,
where i + j + 1 is the degree of monomial.
Let Dias(n) be the n-dimensional vector space spanned by the set of pairs {(i, j)} i+j+1=n , where i, j are natural numbers in N ∪ {0}. Set the space
where
We define the two multiplications on Dias(K) by
Then Dias(K) is a dialgebra. A base (i, j) is a monomial of Dias(K). It is obvious that the normalization of (i, j) is unique, up to (0, 0),
This uniqueness implies the theorem below.
This theorem says that the non-Σ operad of dialgebra is the family {Dias(n)} n∈N .
Square product and Quadri-algebras.
The notion of square product was introduced in [4] and the detailed study was give in [2] .
Square products.
Given two operads P and Q, we can make the third operad which is denoted by P Q. We denote the generators of P and Q by p i and q j , respectively. Namely, {p i } and {q j } are basis of P (2) and Q(2). The space (P Q) (2) is defined as the tensor product P (2) ⊗ Q(2), and the basis {p i ⊗ q j } are generators of P Q. The relations of P Q are defined as follows. Let
be relations of P and Q, where the indexes run over the relationing pairs respectively. Then a relation in P Q is defined by
One can easily see that the number of independent relations of P Q is less than or equal |P | × |Q|, where |P | and |Q| are the numbers of independent relations of P and Q. The operad P Q is called a square product of P and Q. The following proposition is convenient to see explicitly P Q-operad.
Proposition 2.4. (entanglement, [2] ) Let A P and A Q be P -algebra and Qalgebra. Then A P ⊗ A Q is a P Q-algebra by the multiplications of the form,
where * P and * Q are multiplications of P and Q and α, β ∈ A P and x, y ∈ A Q .
Proof.
We consider the Koszul dual of P Q. Since our algebras are binary and quadratic, it suffices to consider on the 3 monomials. By using the isomorphism below, the problem becomes easy.
The square product of two relations r 1 = r 2 and s 1 = s 2 isomorphically has the form,
and the metric which measures the Koszul duality has the form,
Proof
Namely, the relations of P ! Q ! are orthogonal with the ones of P Q.
Quadri-algebras ([1]).
Let {Dend(n)} n∈N be the non-Σ operad of dendriform algebra. Namely, the space ⊕ n∈N Dend(n) is the free dendriform algebra over K. For instance, Dend(2) = K[↑, ↓] and
We consider the operad Dend Dend. In [2] , it was shown that the notion of Dend Dend-algebras is equivalent with quadri-algebras. Hence we denote Quad := Dend Dend. The number of independent relations of Quad is 9(= 3 × 3). Since the dimension of the space of generators is 4, the total space of free 3 monomials has 32 dimension. On the other hand, the relations of Quad is 9. Thus the dimension of Quad (3) is 23(= 32 − 9) which is the same as the number of the independent relations of dual quadri-algebra.
Main results.
We study Dias Dias-algebra. Since Dias-operad has 5 independent relations, Dias Dias-operad satisfies 25 conditions. We will show that the number of independent relations is 23 in Corollary 3.9. First we study the basic properties of Dias Dias-algebras. We put 4 basis of Dias Dias(2) by
where ↑ and ↓ are dialgebra multiplications of (A1)-(A5).
Basic properties.
There is much waste to see all 25-conditions. So we give some essential properties.
Proposition 3.1. The 5 pairs below of Dias Dias-multiplications satisfy the dialgebra conditions, respectively.
Proof. We fix ⋆ =↑ (or ⋆ =↓). By the definition (1), the two pair (↑ ⊗⋆, ↓ ⊗⋆) and (⋆⊗ ↑ and ⋆⊗ ↓) satisfy the dialgebra conditions, respectively. This gives the 4 type dialgebra structures. The dialgebra structure of (տ, ց) is induced by the coherency of ↑ ⊗ ↑ and ↓ ⊗ ↓.
Corollary 3.2. The two associative pentagons are held.
For any multiplications ⋆,
Proof. By the definition, (2), (3) and (4) are
(5) and (6) are followed by Proposition 2.2 and the dialgebra conditions of Proposition 3.1.
When "(, )" is not needed, we omit the one. An analogy of Proposition 2.2. is satisfied on Dias Dias-algebras.
Proposition 3.4. (normalization) An arbitrary monomial, mono, of Dias Diasalgebra can be transformed to the two type normal formulas,
where i + j + k + 1 is the degree of monomial.
Proof. We use induction. From the bilinearity, a monomial mono is decomposed by two monomials mono = mono1 ⋆ mono2. We assume that mono1 and mono2 both have the form of the proposition. When ⋆ =տ (or ⋆ =ց), by the dialgebra conditions,
which imply the desired results. We should show the remaining 8 cases.
We here show the 4 cases.
In (di)/ =, the dialgebra conditions of (ւ, ց) and (տ, ւ) were used.
The remaining 4 cases are symmetrical cases of above 4 cases. For any 3-monomials, one can easily check the proposition by the dialgebra conditions and the lemma above.
Free Dias Dias-algebra.
Recall the construction of Dias(n) in Section 2. Let Dias(K) be the free associative dialgebra over K. Here Dias(K) = n∈N Dias(n). From Proposition 2.4, Dias(K) ⊗ Dias(K) is a Dias Dias-algebra. We set the subspace of
Lemma 3.5. n∈N Dias(n) ⊗ Dias(n) is a subDias Dias-algebra. It is possible to show that n∈N Dias(n) ⊗ Dias(n) is the free-Dias Diasalgebra over K. However we here give the more explicit construction.
We set the space of two type triples,
and set the linear extension K[trip(n)]. Simply one can see the dimension of
The linear map φ is an isomorphism. By using the isomorphism and the lemma above, we isomorphically define the Dias Dias-algebra structure on
where j is j or j and b is b or b. In addition,
Proof. When j = j and b = b, In this way, the other identity also is shown.
From this lemma, we obtain the following corollary which is the essence of the theorem below. Theorem 3.8. Dias Dias(K) is the free-Dias Dias-algebra over K.
We have the 4 tensor products, r 1 ⊗ r 3 = r 2 ⊗ r 4 , r 1 ⊗ r 3 = r
